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Best element m

r* € argmin f(x)
recX
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Dummy example

Objective Best follower
oS eader function solution
solution

r* € argmin F(z,y")
reX

Possible solutions




Bilevel
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Dummy example

Objective Current leader
Best follower function solution
solution

y" € argmin f(z,y)
yeY

Possible solutions




Bilevel Optimization: Nested Scheme

1. Leader takes a decision x
2. The follower uses the leader's
decision to take the best decision

e F(?tep*B based Onf
l SRR 3. The leader evaluates both x, y to
evaluate F

- Step 2

ly™ € argmin f(z.y)
* yeY ;

Y

/ Zhang, G., et al (2015). Multi-level decision making. New York: Springer.




Bilevel Optimization: Formal Definition

Minimize: % — J
F({E’ y*), T & X Upper Level

Subject to:

y' € argmin f(z,y) 20
yeY

Dempe, Stephan. Foundations of bilevel programming. Springer Science & Business Media, 2002.



Bilevel Optimization: Solutions

(z, ") (=", y*)
Feasible solutions Optimal Feasible solutions
recX z* € argmin F(z.y")
reX,y*e¥(x)

y* € ¥(z) = argmin f(z,y)
yeY

Dempe, Stephan. Foundations of bilevel programming. Springer Science & Business Media, 2002.



Bilevel Optimization: Practical Example

Minimize: ) ) 3:1 v
F(z,y) =" +y o,

Subject to:
y € argmin f(z,y) = (z — y)’
yeyY

X=Y =[-5,5]




Bilevel Optimization: Practical Example

f(a’, y) = (a’ - y)2

Step 1: Choose z € X said T = a A
Step 2: Solve: ,
y € argmin f(a,y) = (a — y) . Ly

fla,y) > 0= myinf(a,y) =0=y=a
¥(z) = {a}

Step 3: Evaluate: F(a,y*) = F(a,a) = 24d*




Bilevel Optimization: Practical Example

UL & LL functions Leader performance F(m,m}\: e
s.t. best follower decision
F(z,y) = 2 + 3 F(z,y*) = 22
%
Yy = Best follower
f(w7y) - (x - y)z ﬁ decision } 0 > T
Feasible solutions Optimum solution

(z,z), -5 <z <5 (z*,y") = (0,0)



True leader
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Follower
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Bilevel Optimization: General Definition

Minimize:

F(z,y*), x € X

Subject to:
y* S argmllrfl{f(w,y) : QZ(way) <0,:=1,2,... 7I}
ye<

Gj(:c,y) SO,jZl,Q,...,J

Dempe, Stephan. Foundations of bilevel programming. Springer Science & Business Media, 2002.
Dempe, S., et al. (2015). Bilevel programming problems. Energy Systems. Springer, Berlin.
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Solution Strategies

Mathematical Metaheuristics Metaheuristics +
programming Mathematical
programming

Population-based

e Karush-Kuhn-Tucker algorithms have been

conditions for successfully used. Usually,

single-.level e Evolutionary Karush-Kuhn-Tucker.

reduction Algorithms conditions are used in
e Branch and Bound addition to population
e Trust region e Swarm Intelligence based algorithms for
e Among others e Among others global optimization

Sinha, A. et al (2017). A review on bilevel optimization: from classical to evolutionary approaches and applications. IEEE bi-level.org 27

Transactions on Evolutionary Computation.



Solution Strategies

Karush-Kuhn-Tucker conditions

Classical min F(z

Subject to:
Mathematical
programming Gi(z,y) <0,j=1,2,...,J
e Karush-Kuhn-Tucker 9i(2,y) < O,z.— 1,2,...,1
conditions for i 9i (33, i‘/) =0,:=1,2,...,1
single-level V,L(z,y,A\) =0
reduction A <0,0=1,2,...,1
e Branch and Bound ;
* [Trustregion L(z,y,A) = f(z,9) + > Aigi(2,9)
e Among others i=1

bi-level.org 28



Solution Strategies

Approximate

Metaheuristics

Population-based The metaheuristics use

Step 3

algorithms have been f(z,) F(z, )] the nested scheme to
successfully used. l sequentially optimize
both levels.

e Evolutionary
Algorithms

Step 2

y" € argmin f(z.y)
yeY

e Swarm Intelligence

e Among others .

bi-level.org 29
Talbi, E. G. (2013). Metaheuristics for bi-level optimization. Springer, Berlin, Heidelberg.



Solution Strategies

Approximate

Metaheuristics

Population-based
algorithms have been
successfully used.

e Evolutionary
Algorithms

e Swarm Intelligence

e Among others

Talbi, E. G. (2013). Metaheuristics for bi-level optimization. Springer, Berlin, Heidelberg.

Upper Level Parameters

O3 1l

® =
-1

® =y
=]

Tooe— nearest point to

> 1]

Y2
A

Lower Level Parameters

Feasible

Region

UL Population

LL Population

bi-level.org 30



Solution Strategies

. Algorithms
AppfOleate Paper UL L5

BLDES [2] DE DE
Metaheuristics e-KKT [38] GA GA/SQP
Population-based BLEGO [15] DE/EGO EGO
algorithms have been BLMA [16] DE DE
successfully used. SABLA [14] DE-IP DE-IP
e Evolutionary BLEAQ(-II) [32, 34] GA GA/SQP
Algorithms Surrogate-assisted BIDE [1] DE DE
e Swarm Intelligence Differential Evolution (DE), Genetic Algorithm (GA), Sequential Quadratic Programming (SQP),

Interior Point Method (IP), Efficient Global Optimization (EGO).
e Among others

bi-level.org 31
Mejia-de-Dios, J. A., & Mezura-Montes, E. (2020). A surrogate-assisted metaheuristic for bilevel optimization. GECCO 2020.



Solution Strategies

Simple (naive) solution in Julia

using Metaheuristics

F(Xy, ¥) = sum( x."*2 + y.*2
(x; ¥) ( ) Solution found in 4.62 seconds.

sum( (x - y).r2 )

[ -6 -6 -5; 6 5 5.0 ]

f(x,y)
>F103t64[-0.0016458, -0.000558254, 0.0014492]

bounds S
minimizer(res)

Y(x) = minimizer( optimize( y -> f(x, y), bounds) )
5.601127187667976e-6

minimizer(optimize( x->F(x, ¥(x)), bounds ) ) minimum(res)

Try it yourself online for free: bi-level.org/tutorial
bi-level.org 32
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Applications

Toll Setting Problem




Applications

Automated Parameter Tuning




Applications

Principal-Agent Problems
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Thank you!

Questions?

bi-level.org/tutorial




